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Lecture11

Today
The Legendre trans form in mathbbRn

Brenier's theorem leftcleftxyrightleftxyright2right

Assume phipsi i psid From

phileftxrightmaxleftxcdotypsileftnrightright
we have that

forallxyphileftxrightpsileftyrightgeqxcdoty
Where for each fixed x for si

the is at

leaf one y0 or x001 for which holds

Moreover

xinpartialpsileftnrightLeftrightarrowyinpartialpsileftxright

In what follows cent is assumed to be

locally bonded in its domain of definition



Proposition The set 24127 is always

closed

Proof If leftykrightinpartialphileftx0rightforallk and

ykrightarrowyinfty then for each k and each 21

we have

phileftxrightgeqphileftx1rightykcdotxykcdotx0
Rightarrowdleftxrightgeqphileftxrightyinftyxyinftyxn

Rightarrowyinftypartialphileftx0right

Proposition If xkrightarrowxinfty and

ykinpartialphileftxkrightforallk then any limiting

point of leftykright belongs to partialphileftxinftyright

Proof We have forallkforallx

phileftxrightgeqphileftxkrightykcdotxykxk
leftkneqinftyrightphileftxrightgeqphileftx2rightyinftycdotxyinftycdotxinfty

along a subsegm Rightarrowyinftyinpartialphileftxinftyright



Proposition Suppose phiDrightarrowmathbbRleftDsubsetmathbbRright
is comex Then is pointwise c at x0inD

24 Ileft4right has a single element

kProof leftLeftarrowrightphileftxrightpcdotleftxx0rightgeqlambdaleftx4x2rightx2x0K

whog the hatxkleftfracx2x2leftxkx4rightright converge to some einn1

then

phileftxrightgeqphileftxrightyileftxxoright

Take xkrightarrow to Then choose y5partialqleftx7right w

phileftx0rightgeqphileftx5righty4leftx0x5right

dleftxkrightleqdleftx0rightyxcdotleftxkx0rightor

phileftxkrightleqleftleftx1righty0cdotleftxleftarrowx0rightrangleleftyky0rightranglecdotleftxkxkrightrangleright



Since partialphileftx0right has just one element the

sequence yh converger at it converges

to y0

This shows that

phileftxkrightleftphileftx0righty0cdotleftxkx0rightright
vanishes faster than leftxkx0right

Exercise

From this proposition we also see that

if x0inpartialpsilefty0right then d is strictly cover

of a if and only if 4 is pointwise C1

of y0



Suppose pi0 is optimal for the Kantorovich

problem

min iint_mathbbRnmathbbRnleftxyright2dpi0leftxyright
s t pi0geq0Pr8leftpi0rightM

Pr1leftpivrightnu

Then we know there are function

d0psi0 such that d0leftpsi0right2 and psirleftphi1rightr with

Cleftxyrightleftxyright2 and

pi0aecdotphi0leftxrightpsi0leftyrightleftxyright2

Observe that if we define

u0leftxrightfrac12leftleftxright2d0leftxrightright
Voleftyrightfrac12leftleftyright2psioleftyrightright

them U11V0 and V0U0



Then since 40to maximize

intphidmuint_mathbbRnpsidnuphileftxrightpsileftbrightleqleftxyright2mathbbRn
the pair 414 minimizes

int_mathbbRnudmuint_mathbbRnvdnuuleftxrightvleftyrightgeqxcdoty
Here we reproduce the argument from the last

lecture but this time proving the working

assumption That we can do this is thanks

to Rademacher's theorem

We recall what we mean b pointwise differen

tiability phiDrightarrowmathbbRDsubsetmathbbRn open is

pointwise differentiable of x0inD it existsPinmathbbRn sit

lim_xrightarrowx0fracphileftxrightphileftx0rightp1leftxxdrightleftxx0right0



Theorem Rademacher

Suppose phiDrightarrowmathbbR is Lipschitz

continuous then the set of points in D
where phi is not pointwise differentiable has

measure zero

We can now apply this to U0 and v0

In particular u0 is pointwise differentiable

a e which means partialu0leftxright has a single

element for pe a e x Here we are

using the assumption mudx

In particular for such x0s there B

a unique 90 Sit

max_yleftx0cdotyV0leftyrightrightx0cdoty0V0lefty0right


